Chapter 2
Rods and Trusses

Abstract This chapter treats the rod or bar member. The three basic equations of
continuum mechanics, i.e. the kinematics relationship, the constitutive law and the
equilibrium equation, are summarized as well as the describing partial differential
equation. A general solution for constant material and geometrical properties is
presented. Furthermore, typical boundary conditions and the internal reactions are
briefly mentioned. The finite element formulation is focused on rod elements with
two nodes under the assumption of constant material and geometrical properties.
The post-computation, which is based on the nodal results, is treated in detail. The
chapter concludes with the spatial arrangement of rod elements in a plane to form a
plane truss structure.

2.1 Fundamentals and Analytical Treatment

A rod is defined as a prismatic body whose axial dimension is much larger than its
transverse dimensions [2, 10, 14, 34, 36]. This structural member is only loaded in
the direction of the main body axes, see Fig.2.1a. As a result of this loading, the
deformation occurs only along its main axis.

Derivations are restricted many times to the following simplifications:

only applying to straight rods,
displacements are (infinitesimally) small,
strains are (infinitesimally) small, and
material is linear-elastic.

The three basic equations of continuum mechanics, i.e. the kinematics relationship,
the constitutive law and the equilibrium equation, as well as their combination to the
describing partial differential equation (PDE) are summarized in Table2.1.

Under the assumption of constant material (£ = const.) and geometric (A =
const.) properties, the differential equation in Table 2.1 can be easily integrated twice
for constant distributed load (p, = po = const.) to obtain the general solution of the
problem [25]:
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Table 2.1 Different formulations of the basic equations for a rod (x-axis along the principal rod
axis), with £ (...) = 42

Specific formulation ‘ General formulation
Kinematics
duy (x)
ex(x) = d ex(x) = Ly (ux(x))
X
Constitution
0¢(x) = Ezy(x) |0 (x) = Cey(x)
Equilibrium
doy(x)  px(x) _ T _
™ yl =0 Ly (ox(x))+b=0
PDE
d duy T
di E(x)A(x) +px(x) =0 Ll (EALy; (ux(x))) + px =0
X dx
1 1 2 21
x) = —\ —=pox cix+ce ), .
Uy (x) ZA\ 3 Pox taxto 2.1

where the two constants of integration ¢; (i = 1, 2) must be determined based on the
boundary conditions (see Table2.2). The following equation for the internal normal
force N, was obtained based on one-time integration of the PDE and might be useful
to determine some of the constants of integration:

duy (x)
N,(x) =EA 1 = —pox + cy. 2.2)
x

The internal reactions in a rod become visible if one cuts—at an arbitrary location
x—the member in two parts. As a result, two opposite oriented normal forces N,
can be indicated. Summing up the internal reactions from both parts must result in
zero. Their positive direction is connected with the direction of the outward surface
normal vector and the orientation of the positive x-axis, see Fig.2.2.

Once the internal normal force N, is known, the normal stress o, can be calculated:
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Table 2.2 Different boundary conditions and corresponding reactions for a continuum rod

Case Boundary Condition Reaction
>
- T
EE——— ... uz(xzo)zo R —>|—'_'—"'
=ew we=L)=u .. =R
_L _L
=R pAteO) N (=R, e Us
_L _L
Fig. 2.2 Internal reactions =T z N,
for a continuurn rod ==+ ===
Fig. 2.3 Axially loaded rod: (a) strain
a strain and b stress >
distribution >
< —>
(b) stress
E Oy —» T
Ny (x)
ox(x) = . (2.3)

Application of Hooke’s law (see Table 2.1) allows to calculate the strains €. Typical
idealized distributions of stress and strain in a rod element are shown in Fig.2.3. It
can be seen that both distributions are constant over the cross section.
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2.2 Rod Elements

2.2.1 Revision of Theory

Let us consider in the following a rod element which is composed of two nodes as
schematically shown in Fig.2.4. Each node has only one degree of freedom, i.e. a
displacement u, in the direction of the x-axis (i.e., the direction of the principal axis,
see Fig.2.4a) and each node can be only loaded by single forces acting in x-direction
(cf. Fig.2.4b). In the case of distributed loads p,(x), a transformation to equivalent
nodal loads is required.

Different methods can be found in the literature to derive the principal finite
element equation (see [8, 24]). All these methods result in the same formulation,
which is given in the following for constant material and geometrical properties:

L
EA 1 —1 Uiy le N1
T[—l 1][% =|m |t / Ny [P dr 2.4)
0
or in abbreviated form

Keut = f°, 25)

where K¢ is the elemental stiffness matrix, u; is the elemental column matrix of
unknowns and f° is the elemental column matrix of loads. The interpolation func-
tions in Eq. (2.4) are given by Nj(x) = 1 — 7 and N»(x) = 7 and Table2.3
summarizes the equivalent nodal loads for some simple shapes of distributed loads.

Several single finite elements can be combined to form a finite element mesh and
the assembly of the elemental equations results in the global system of equations,

i.e.

Ku, = f, (2.6)
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Table 2.3 Equivalent nodal loads for a linear rod element (x-axis: right facing)

Loading Equivalent Axial Force
p pL
Re=5
! 5 2
1 2 L
H—”L FZI = pf
2
p pa?
—> —> —>| Fiz = 7% +pa
1 a 2 2
H#H Fop = &
2L
pL
p (%)i-s gy = r
o 5 L

L 3

z)2 r :%
p(%) e =5
o 5 pL
2 szi
1 I 2 1
F(L —
o—_};;l—o Flm: (La)
1 a 2

F _Fa
2m—L

where K is the global stiffness matrix, u,, is the global column matrix of unknowns
and f is the global column matrix of loads. The global system of equations in the
form of Eq. (2.6) cannot be solved without the consideration of the support conditions
(this results in the reduced system of equations). A few methods to consider different
types of boundary conditions are summarized in the following:

e Homogenous Dirichlet boundary condition u, = 0

A homogenous Dirichlet! boundary condition at node n (u,x = 0) can be consid-
ered in the non-reduced system of equations by eliminating the nth row and nth
column of the system, see Eq. (2.7).

! Alternatively known as 1st kind, essential, geometric or kinematic boundary condition.
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2.7)
e Non-homogeneous Dirichlet boundary condition u, # 0

First possibility: A non-homogeneous Dirichlet boundary condition (u,x = ug
# 0) at node n can be introduced in the system of equations by modifying the nth
row in such a way that at the position of the nth column a ‘1’ is obtained while all
other entries of the nth row are set to zero. On the right-hand side, the given value
ug is introduced at the nth position of the column matrix of the external loads as
follows:

(2.8)

Second possibility: If the boundary condition is specified at node n, the nth column
of the stiffness matrix is multiplied by the given value uy. Now we bring the nth
column of the stiffness matrix to the right-hand side of the system and delete the
nth row of the system of equations. These steps can be identified in the following
equations:

B ( . )uo B
(... )ug iy | _
(.o x| = ol
(. .. )uo Up+1Xx
| ( .. )u() L
n—1n+1 n
B ] ( . )u()
Up—1x | _ _ (- uo
= Unx - ( .- )”0
Unt1X (.. Juo
| | ( .. )Lt()

(2.10)
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—(...)M()
Up1x | _ = (. Juo

= Untix | —C.oug |- @.11)
—(...)Mo

Third possibility: Replace in the column matrix of unknowns the variable of the
nodal value u,x with the given value u( and introduce in the column matrix of
the external loads at the nth position the corresponding reaction force R, x. Split
the column matrix of the external loads into a component with the given external
loads and a component which contains the unknown reaction force R, x. Now we
bring the nth column of the stiffness matrix to the right-hand side of the system
and the component of the load matrix with R, x to the left-hand side:

n

= . (2.12)

e Neumann boundary condition F, = Fy

A Neumann® boundary condition at node n (F,x = Fy) can be considered on
the right-hand side, i.e. in the column matrix of the external loads.

Once the nodal displacements (i1, up,) are known, further quantities and their
distributions can be calculated within an element (so-called post-processing), see
Table2.4.

Let us summarize here the recommended steps for a linear finite element solution
(‘hand calculation’):

O Sketch the free-body diagram of the problem, including a global coordinate sys-
tem.

@ Subdivide the geometry into finite elements. Indicate the node and element num-
bers (the user may choose any numbering order), local coordinate systems, and
equivalent nodal loads.

® Write separately all elemental stiffness matrices expressed in the global coordi-
nate system. Indicate for each element the nodal unknowns (degrees of freedom)
on the right-hand side and over the matrix. In this step, the DOFs must be cho-
sen according to the global coordinate system—conventionally, in the positive
direction.

2 Alternatively known as 2nd kind, natural or static boundary condition.
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Table 2.4 Post-processing of
nodal values for a linear rod
element (defined by element

2 Rods and Trusses

Axial displacement (elongation) u
ul(x) = [1— $]ure + [F]uzx

length L, cross-sectional area uS(©) =[50 —Oure + [3U0 + O] uas
A, and Young’s modulus E). du,  d€duy

The distributions are given as

Axial Straine, = — = —
dx dx d¢

being dependent on the nodal £ (x) = % (uay — U1x)
* :

values as a function of the
physical coordinate

£2(8) = 1 (uze — u1x)

0 < x < L and the natural Axial Stress oy = Ecy = Edu" = Egdu"
coordinate —1 < £ <1 ’ dx dx d¢
o5 (x) = 7 (uax — u1y)
o€ = £ (uax —upy)
duty d¢ duy
Normal Force Ny = EAe, = EA =FEA———
dx dx d¢

@

Ne(x) = EA (uay —ury)
NE(©) = E2A (upe —ury)

Determine the dimensions of the global stiffness matrix and sketch the structure
of this matrix with global unknowns on the right-hand side and over the matrix.
The dimensions of the matrix are equal to the total number of degrees of freedom
which can be determined by multiplying the number of nodes by the number of
degrees of freedom per node. After assembling, the validity of the assembled
stiffness matrix can be tested by the following check list:

— K is symmetrical,
— K has only positive components on the main diagonal, and
— the coupled DOFs have non-zero values as their corresponding components.

Insert step-by-step the values of the elemental stiffness matrices into the global
stiffness matrix. This process is called ‘assembling’ the global stiffness matrix.

Add the column matrix of unknowns and external loads to complete the global
system of equations.

@ Introduce the boundary conditions to obtain the reduced system of equations.

®

Solve the reduced system of equations to obtain the unknown nodal deformations.

Post-computation or post-processing: determination of reaction forces, stresses
and strains.
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Check the global equilibrium between the external loads and the support reac-
tions (optional step for checking the results).

It should be noted that some steps may be combined or omitted depending on the
problem and the experience of the finite element user. The above steps can be seen
as an initial structured guide to master the solution of finite element problems.

2.2.2 Worked Examples

2.1 Example: Rod Structure with a Point Load
Given is a rod structure as shown in Fig.2.5. The structure has a uniform cross-
sectional area A and Young’s modulus E. The structure is fixed at its left-hand end
and loaded by a single force Fj.

Model the rod structure with two linear finite elements of equal length L and
determine:

the displacements at the nodes,

the reaction force at the left-hand support,

the strain, stress, and normal force in the element and
check the global force equilibrium.

2.1 Solution
The solution will follow the recommended 10 steps outlined on page 23.

(O Sketch the free-body diagram of the problem, including a global coordinate system.

Remove the support at the left-hand end and introduce the corresponding reaction
force, see Fig.2.6. Note that the direction of the reaction force can be arbitrarily
chosen. The sign of the result will confirm (R; > 0) or reject (R; < 0) the assumed
direction.

The rod structure with a total length of 2L is divided in the middle into two
elements, see Fig.2.7.
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Fig. 2.7 a Free-body (a) element I  element II
diagram of the discretized R N F
structure with point loads. b 1 e e 0
Nodal unknowns 1 2 3
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® Write separately all elemental stiffness matrices expressed in the global coordinate
system. Indicate the nodal unknowns on the right-hand sides and over the matrices.

Uix Uzx
EA 1 —1 Uiy
[ —_—
K = 7 [_1 ILZX, (2.13)
Uzx Uszx
EA 1 —1 Urx
[ap— —_—
K = 7 [_] 1L3x' (2.14)

@ Determine the dimension of the global stiffness matrix and sketch the structure of
this matrix with global unknowns on the right-hand side and over the matrix.

The finite element structure is composed of 3 nodes, each having one degree of
freedom (i.e., the axial displacement). Thus, the dimension of the global stiffness
matrixis 3 x 1) x 3 x 1) = (3 x 3):

Uix Usrx Usx

Uix
K= oy (2.15)

usx

® Insert the values of the elemental stiffness matrices step-by-step into the global
stiffness matrix:

Uix Urx  Usx
1 -1 0|u
EA 1X
0 -1 1 usyx
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® Add the column matrix of unknowns and external loads to complete the global
system of equations:

1-1 0 Uix _Rl

EA

- -1 2 -1 wyx | = 0 . 2.17)
0 -1 1 usyx Fo

@ Introduce the boundary conditions to obtain the reduced system of equations.
There is no displacement possible at the left-hand end of the structure (i.e., u;x = 0
at node 1). Thus, cancel the first row and first column from the linear system to

obtain:
EAT 2 —17] [usx 0
£l 2 A fi] _T0]. )

Solve the reduced system of equations to obtain the unknown nodal deformations.

The solution can be obtained based on the matrix approach u = K~! f:

L 1 +1 4+ L
Urx 1 1 0 0 1
— _ = — . 2.19

@ Post-computation: determination of reaction forces, stresses and strains.

Take into account the non-reduced system of equations as given in step ® under the
consideration of the known nodal displacements. The first equation of this system

reads:

EA
T(—sz) =—Ry, (2.20)

or finally for the reaction force:
Ri=F. (2.21)

The obtained positive value confirms the assumption of the selected initial direction
for the reaction force.

The equations for the elemental strains, stresses, and normal forces can be ex-
tracted from Table 2.4:

L1 F
€ = z(uzx —uix) = EA (2.22)

€ FO
eq = —(u3x —uzx) =

) 2.23
L EA (223)
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Fig. 2.8 Rod structure with 2Po
changing distributed load Po
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. EA
Ny = T(uzx —uix) = Fy, (2.26)
. EA
Ny = T(u3x —uxx) =Fp. (2.27)

Check the global equilibrium between the external loads and the support reactions:

~—~— ~—
reaction force  external load

D> Fx=0 ¢ -R + F =0V (2.28)

2.2 Example: Rod Structure with Changing Distributed Load

Given is a rod structure as shown in Fig.2.8. The structure has a uniform cross-
sectional area A and Young’s modulus E. The structure is fixed at its left-hand end
and loaded by a single force Fj at X = 3L as well as

(a) a uniform distributed load 2 pg in the range 0 < X < 2L, and
(b) a uniform distributed load pg in the range 2L < X < 3L.

Model the rod structure with two linear finite elements and determine

e the displacements at the nodes,

e the reaction force at the left-hand support,

e the strain, stress, and normal force in each element and
e check the global force equilibrium.

2.2 Solution
The solution will follow the recommended 10 steps outlined on page 23.

(@ Sketch the free-body diagram of the problem, including a global coordinate system.
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Remove the support at the left-hand end and introduce the corresponding reaction
force, see Fig.2.9. Note that the direction of the reaction force can be arbitrarily
chosen. The sign of the result will confirm (R; > 0) or reject (R; < 0) the assumed
direction. Looking from a different angle at the problem, we can say that nodes are
introduced at the locations of the single forces (R; and Fj) and the discontinuity
of the distributed load.

@ Subdivide the geometry into finite elements. Indicate the node and element num-
bers, local coordinate systems, and equivalent nodal loads.

The rod structure with a total length of 3L is divided at the discontinuity of the
distributed load (i.e., at X = 2L) into two elements and the corresponding equivalent
nodal loads are calculated from Table 2.3, see Fig. 2.10. The two force contributions of
magnitude 2 py L result from the distributed load 2 py and the two force contributions
of magnitude % result from the distributed load py.

@ Write separately all elemental stiffness matrices expressed in the global coordinate

system. Indicate the nodal unknowns on the right-hand sides and over the matrices:

Urx Uzx Urx Uzx

EA| 1 —1|uyy EA[ L =1l
K= — =— % 2| 229
I 2L|:—1 1:|M2x L|: 0 (2.29)
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Urx U3X
EA|l 1 —1|uxx
e _
Ky = 7 |:_1 1j|M3x' (2.30)

@ Determine the dimension of the global stiffness matrix and sketch the structure of
this matrix with global unknowns on the right-hand side and over the matrix.

The finite element structure is composed of 3 nodes, each having one degree of
freedom (i.e., the axial displacement). Thus, the dimension of the global stiffness
matrixis 3 x 1) x B3 x 1) = (3 x 3):

Uix Urx Usx

Uix
K = oy " (2.31)

usx

® Insert the values of the elemental stiffness matrices step-by-step into the global
stiffness matrix:

Mllx szl usx
EA| 2, 1 O|ux
K = T —% %—i—l —1 |uzyx . (2.32)
0 —1 +1 |uszx

® Add the column matrix of unknowns and external loads to complete the global
system of equations:

EA 3 =3 07 [ux —R; +2poL
T raH ol fuex | = Spol . (2.33)
0 —1 +1] |usx Fy+ &t

@ Introduce the boundary conditions to obtain the reduced system of equations.

There is no displacement possible at the left-hand end of the structure (i.e., u;x = 0
at node 1). Thus, cancel the first row and first column from the linear system to

obtain:
k 5
EAT 2 —17 [uax _| 3poL (2.34)
L |—1+1|]|usx Fo—l—% ' ’

Solve the reduced system of equations to obtain the unknown nodal deformations.

The solution can be obtained based on the matrix approach u = K~' f:
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usx —ix L [+1+1 2 poL _ 2L T 3poL + Fy (235)
usx | EA %—1 +1 % Fo—i—% T EA 14—3poL+%F0 . .

©@ Post-computation: determination of reaction forces, stresses and strains.
Take into account the non-reduced system of equations as given in step ® under the

consideration of the known nodal displacements. The first equation of this system
reads:

EA(] ! 0 R, +2poL 2.36
T §M1X—§M2x+ =—Ry+2poL, (2.36)

or finally for the reaction force:
Ri=5pL+ F. (2.37)

The equations for the elemental strains, stresses, and normal forces can be extracted
from Table 2.4:

1 1
e = L—I(uzx —ux) = ﬂ(SPOL + Fy) , (2.38)
e 1 1 1
eq = L—u(u3x —urx) = EA (5 poL + Fo) ) (2.39)
. E 1
op = L—(uzx —uix) = Z(SPOL + Fo) (2.40)
1
e E 1 1
o = L—H(Msx —uxx) = Z(i poL + Fy) , (241)
. EA
I
e EA 1
Ny = L—(M3X —uzx) =5 poL + Fp. (2.43)
1

Check the global equilibrium between the external loads and the support reactions:

D Fx=0 & —(poL+ Fo)+ Fo+4poL + poL =0 v (2.44)

! reaction force external loads
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Fig. 2.11 Rod structure with =X
displacement and force
boundary conditions = o i N
— *~—p
EA
L
Fig. 2.12 Free-body = X
diagram of the rod structure %o Fy R
with displacement and force Rix | — 6X
boundary condition A

2.3 Example: Rod Structure with Displacement and Force Boundary Condi-

tions

Given is a rod structure as shown in Fig.2.11. The structure has a uniform cross-

sectional area A and Young’s modulus E. The structure is fixed at both ends and

loaded by a single force Fy at X = %L as well as displacement ug at X = %L.
Model the rod structure with five linear finite elements of equal length and deter-

mine

the displacements at the nodes,

the reaction forces at the supports,

the strain, stress, and normal force in each element and

check the global force equilibrium.

Assume now that only u is given. Adjust the value of Fj in such a way that element
IIT is in a stress-free state.

2.3 Solution
The solution will follow the recommended 10 steps outlined on page 23.

(@ Sketch the free-body diagram of the problem, including a global coordinate system.

Remove the supports at both ends and introduce the corresponding reaction forces,
see Fig.2.12.

@ Subdivide the geometry into finite elements. Indicate the node and element num-
bers, local coordinate systems, and equivalent nodal loads, see Fig.2.13.

@ Write separately all elemental stiffness matrices expressed in the global coordinate
system. Indicate the nodal unknowns on the right-hand sides and over the matrices.

Urx Uzx Urx Usx
EA 1 -1 Uix EA 1 -1 Urx
e __ e _
K§ = %[_1 1]u2x’ K§ = o [ (2.45)
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Fig. 2.13 Free-body =X Ray
diagram of the discretized u F
structure Bix o o o 0 o ! o o Rox
1 2 3 4 5 6
I II III v A4

> 2] [ R s Y 0 N O e YA VA o S AV

Usx U4x Ugx Usx
EA 1 —1 usy A 1 -1 17754

e __ 7 3 e _

K5 = L [_1 1}“4}(’ Ky (Y P (2.46)
Usx Uex
EA 1 —1 Usx
e —

K = %[_1 1L6X. (2.47)

@ Determine the dimensions of the global stiffness matrix and sketch the structure
of this matrix with global unknowns on the right-hand side and over the matrix.

The finite element structure is composed of 6 nodes, each having one degree of
freedom (i.e., the axial displacement). Thus, the dimensions of the global stiffness
matrix are (6 x 1) x (6 x 1) = (6 x 6):

Urx Uzx U3x Ugx Usx  Uex

uix

Uzx

K = Usy . (2.48)
Usx

Usx

Uex

® Insert the values of the elemental stiffness matrices step-by-step into the global
stiffness matrix:

Uix Uzx Uszx Ugx Usx Uex
1 -1 0 0 0 0 | uix
-1 1+1 -1 0 0 0 | urx
K=EA 0O -1 1+1 -1 0 0 | uszx . (2.49)
? 0 0 —1 141 —1 0 |ugx
0 0 0 —1 1+1 —1 Usy
0 0 0 0 -1 1 | uex
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® Add the column matrix of unknowns and external loads to complete the global
system of equations:

1 -1 0 0 0 0 Uix Rix
-1 1+1 -1 0 0 0 Urx 0
E 0O —-1 1+1 -1 0 0 usy | _ Rix (2.50)
% 0 0 —1 1~|—1 —1 0 Ugx F() ’ ’
0 0 0 =1 141 —1/{]|usx 0
0 0 0 0 -1 1 Upx Rex

@ and ® Introduce the boundary conditions to obtain the reduced system of equations.
Solve the reduced system of equations to obtain the unknown nodal deformations.

There is no displacement possible at either ends of the structure (i.e., u;x = 0 at
node 1 and ugy = 0 at node 6). Thus, cancel the first and last rows and the first and
last columns from the linear system to obtain:

2 —1 0 0 Urx 0
SEA -1 2 —1 0 Uusx R3X
L 0o -1 2 -1 Uy - Fy ’ 2.51)
0 0 -1 2 Usx 0

The first possibility to consider the non-homogeneous Dirichlet boundary condition
Usx = Uy is:

2 —1 0 0 Urx 0
SEA|og L. 0o o0 Usx uo
- SEA —
L 0o -1 2 -1 Ugx o Fo |~ (2.52)
0O 0 -1 2 Usx 0

The solution can be obtained based on the matrix approach u = K~' f:

uo

Urx 2
Usx Uo
x| = | 10EAut2RL | - (2.53)
4X 15EA
Usy SEAup+FyL
15EA

The second possibility to consider the non-homogeneous Dirichlet boundary condi-
tion usx = ug is to multiply the 2" column of the stiffness matrix with the given
value ug:
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2 —1x Uuo 0 0 Urx 0
SEA —1 2XMO -1 0 Uusy _ R3X . (254)
L 0 —1xu 2 -1 Uax Fy
0 0x uop -1 2 Uusy L 0
Bring the second column to the right-hand side of the system of equations:
2 0 0 Urx 0 __MO
SEA -1 -1 0 Uuszy _ R3X . SEA 2M0 ) (255)
L 0 2 —1||uax Fy L | —uo
0 —1 2| |usx 0 | 0
Now, let us cancel the second row of the system:
sga| 20 O |uax 01 sgpa|—uo
= 0 2 —1||wx|=|F|—- - —up | . (2.56)
0 -1 2 Usx 0 0
The solution can be obtained based on the matrix approach u = K~! f:
uo
Usrx 2
gy | = | PEAREDL | (2.57)
Usx SEIL}I;UE-;FOL

The third possibility to consider the non-homogeneous Dirichlet boundary condition
usy = Uy is to introduce the prescribed u( in the column matrix of unknowns:

2 =1 0 O] [ux 0
SEA —1 2 —1 0 IZN) R3X
L 0 —1 2 —1 Uusqx B Fy ’ (258)
0 0 —1 2 Usy 0

The column matrix of the nodal displacements u,, contains now unknown quantities
(urx, usx, usx) and the given nodal boundary condition (#(). On the other hand,
the right-hand side contains the unknown reaction force R3x. Thus, the structure
of the linear system of equations is unfavorable for the solution. To rearrange the
system to the classical structure where all unknowns are collected on the left and
given quantities on the right hand side, the following steps can be applied:

Let us first split the right-hand side in known and unknowns quantities:

2 =1 0 07 [uay 0 0
SEA|{—-1 2 -1 O uo 0 Rsx
7l o =1 2 <1||lux!|T|FR|[T| 0 (2.59)

0 0 —1 2| ]|usx 0 0



36 2 Rods and Trusses

Let us now multiply the second column of the stiffness matrix with the given value
up:

2 —1xu 0 O Urx 0 0

SEA|{ -1 2xuy -1 0 ug 0 Rsx
L 0 —1xup 2 —1||ux|=|FR|T] 0 (260

0 Ox Uuo —1 2 Usy 0 0

The final step is to bring the second column of the stiffness matrix to the right-hand
side of the system (known values) and the known column matrix with Rsy into the
stiffness matrix:

SEAuy
2 O 0 O Uurx L
5EA| -1 —L _1 0 R — 10EAuo
SEA X = L (2.61)
L 0 0 2 -1 Ugx Fo+ 552“!0
0 0o -1 2 Usy 0
Now we can obtain the solution via the classical matrix approach u = K -1 f:
M_()
Urx 2
Riy 25EAug—4FyL
6L
u 10EAup+2FyL . (262)
4X 13EA
Usx SEAug+FyL
I5EA

@ Post-computation: determination of reaction forces, stresses and strains.

Take into account the non-reduced system of equations as given in step ® under the
consideration of the known nodal displacements. The first equation of this system
reads:

SEA SEAug
I (u1x —usx) =Rix = Rix=-— T (2.63)

In a similar way, we obtain from the other equations:

25EAMO - 4F()L SEAMO + F()L

, Rex = — 2.64
L 6X AL (2.64)

Rix =

The equations for the elemental strains, stresses, and normal forces can be extracted
from Table 2.4:
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(3 MO
— — = —, 2.65
q=7 (ax —uix) 7L (2.65)
A )= (2.66)
&n = 7 IZN) Urx) = 2L . .
e SEAMO — 2FOL 2 67)
&m = Z(Mx up) = ISET’ 2.
SEAM() + F()L
= — — = 2.68
Erv I (usx — usx) ISEAL ( )
1 SEAM() + F()L
v =— — =, 2.69
V=T (uex — usx) EAL (2.69)
f= )= 2o (2.70)
UI—L Urx —Uix) = oL’ :
e EM()
og = z(uo —uxx) = S0 (2.71)
e E SEAM() - 2F()L
om = Z('MX —up) = T 15AL (2.72)
e SEAuy + FoL
Oy = z(usx —ugx) = _IST’ (2.73)
. ( ) S5EAug + FyL 2.74)
ov = pMex Tl = 15AL '
. EA EAugy
Ny = ——(uax —u1x) = ——, (2.75)
. EA E Augy
Ny = T(uo —Urx) = T (2.76)
. EA SEAug — 2FyL
Ny = T(LMX —up) = _15—L’ (2.77)
EA SEAuy + FoL
NIeV = T(“SX —Ugx) = _15—L’ (2.78)
EA SEAuy + FoL
Ny = — — = 2.79
v 2 (uex — Usx) 5L (2.79)

Check the global equilibrium between the external loads and the support reactions:

(2.80)

D Fix=0 ¢ (Rix+Rix+Rx)+ Fo =0.V
X ~—

1

reaction forces external load

Additional question: Assume now that only u is given. Adjust the value of Fj in
such a way that element III is in a stress-free state. From @ we can get the stress in
element 3:
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Fig. 2.14 Rotational
transformation of a rod
element in the X-Z plane

> X
e SAEM()—ZF()L | 0 (28])
O = AL = .
. SAEM()
From the last equation we can conclude: Fy = T

2.3 Truss Structures

2.3.1 Revision of Theory

Let us consider a rod element which can deform in the global X-Z plane. The local
x-coordinate is rotated by an angle « against the global coordinate system (X, Z),
see Fig.2.14. If the rotation of the global coordinate system to the local coordinate
system is clockwise, a positive rotational angle is obtained.

Each node has now in the global coordinate system two degrees of freedom,
i.e. a displacement in the X- and a displacement in the Z-direction. These two
global displacements at each node can be used to calculate the displacement in the
direction of the rod axis, i.e. in the direction of the local x-axis. The transformation
of components of the principal finite element equation between the elemental and
global coordinate system in summarized in Table2.5 whereas the transformation
matrix T is given by

cosa —sina 0 0
T= |: 0 0 cosa —sin ozi| ’ (2.82)

The triple matrix product for the stiffness matrix results in the following formulation
for a rotated rod element:
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Table 2.5 Transformation of matrices between the elemental (x, z) and global coordinate (X, Z)
system

Stiffness matrix
KS. =TKS,TT, | KS, =T'KS.T
Column matrix of nodal unknowns

uy; =Tuxz, ‘ uxz =T uy;
Column matrix of external loads
T
fe:=Tfxz, ‘fxz:T Sz
cos’a —cosasina —cos’a  cosa sina
. . . . u le
EA| —cosasina sin® a cos o sin & —sin’a 1X
uiz | _ | Fiz
L —cos’a  cosa sina cos’a  —cosa sina || uxy Fox
cos « sin & —sina  —cosa sina  sin*a 2z 2z
(2.83)

To simplify the solution of simple truss structures, Table 2.6 collects expressions for
the global stiffness matrix for some common angles a.

The results for the transformation of matrices given in Table 2.5 can be combined
with the relationships for post-processing of nodal values in Table 2.4 to express the
distributions in global coordinates, see Table2.7.

2.3.2 Worked Examples

2.4 Example: Simple Truss Structure with Two Members
Given is a plane truss structure as shown in Fig.2.15. Both members have a uniform
cross-sectional area A and Young’s modulus E. The length of the members can be
calculated from the given values (horizontal and vertical length a) in the figure. The
structure is supported at its lower end and loaded by the single force Fyj.

Model the truss structure with two linear finite elements and determine

the displacement of the free node,

the reaction forces at the supports,

the strain, stress, and normal force in each element and
check the global force equilibrium.
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Table 2.6 Elemental stiffness matrices for truss elements given for different rotation angles «, cf.

Eq. (2.83)
0° 180°
1 0 -1 0 10 -1 0
EA[ 0 0 0 0 EA[ 0 0 0 0
L|-1 01 0 L|-10 1 0
000 0 00 00
—30° 30°
3 1 3 1 3 1 3 1
ioaVv3 -1 V3 R N B R4
1 1 1 1 1 1 1 1
Ea| V3 1 —1V3 g EA|—3Y3 1 1V3 g
oV S 5 O N R RN
1 1 1 1 1 1 1 1
—iV3 -3 1v3 g V3 o—p V3o
—45° 45°
1 11 I 11 I
2 2 2 2 2 2 2 2
1 1 1 1 1 1 1 1
EA| 2 2 —272 EA|™2 2 3 72
T 1 11 1 T 11 1 1
Ll=-2-3 2 2 Ll-3 37 2 —2
1111 1111
2 2 2 2 2 2 2 2
—90° 90°
0000 00 00
EA[0 1 0-1 EA[0 1 0-1
L]0 0 0O L]0 0 00
0-1 0 1 0-1 0 1

Fig. 2.15 Simple truss
structure composed of two
straight inclined members

2.4 Solution

® and @ Sketch the free-body diagram of the problem, including a global coor-
dinate system. Subdivide the geometry into finite elements. Indicate the node and
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((ZIn(o)urs — X1n(0)s09) — (ZTn(v)uts — XTn(0)s0d)) ¢ = (33N

((Z1n(oyms — X1n(0)s00) — (ZTn(v)urs — XTn()s09)) 7k = (V)N

YN 92I0J [BULION

((ZIn(0)urs — X1n(0)s00) — (Zin(o)uis — X<n(0)so0d)) W =)o

((ZIn(0)urs — X1n(0)s00) — (Zin(o)urs — X<n(0)sod)) W = (x)30

Y0 ssams [RIXY

((Zin(v)uts — X1n(0)s0d) — (Zin(o)urs — Xin(v)s0d)) L = (3)%2

((ZIn(o)urs — X1n(0)s00) — (Zin(o)uis — X<n(0)s0d)) w = ()%

*3 urens [BIxy

(Zin(vyurs — Xtn(0)s09) [(3+ DE] + (Zin(oyurs — Xin(0)s09) [(3— NE] = (3)%n

(Zen(o)uts — XTn(0)s00) [ L] + (ZIn(o)uts — X1n(0)s00) [1 — ] = (¥)3n

*n (uoneSuo[e) Juswaoe[dsIp [eIXY

(g snnpowr

s, 3Unox pue ‘y BoIe [BUOIIAS-SSOID 7 YITUS[ JUSWI[ AQ POULIP) JUSWA[Q POI JBAUI| B I0J $2IDuUIpL002 [pqojd Ul sanfea [epou Jo uissaooid-1sod LT dqeL
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Fig. 2.16 Free-body
diagram of the truss structure
composed of two straight
inclined members

2 Rods and Trusses

R3x

element numbers, local coordinate systems, and equivalent nodal loads, see Fig. 2.16.

® Write separately all elemental stiffness matrices expressed in the global coordinate
system. Indicate the nodal unknowns on the right-hand sides and over the matrices.

Element I is rotated by an angle of a« = —45°:

= D=

ST ST

| e
N

STESIE

urx

Uiz
, 2.84
oy (2.84)

Uz

Uzx

. 2.85
sy (2.85)

Uusz

@ Determine the dimension of the global stiffness matrix and sketch the structure of
this matrix with global unknowns on the right-hand side and over the matrix.
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The finite element structure is composed of 3 nodes, each having two degree of
freedom (i.e., the horizontal and vertical displacements). Thus, the dimensions of
the global stiffness matrix are (3 x 2) x (3 x 2) = (6 x 6):

Uix Uiz Uzx Uzz U3x U3z

Uix

Uiz

K = Uryx . (2.86)
Uzz

usx

usz

® Insert the values of the elemental stiffness matrices step-by-step into the global
stiffness matrix:

Uix Uiz Urx Upz U3x U3z
M1 1 _1 _1 0 0]
i1 i i uix
T e
EA 2 2 2 2 Uiz
1 _1 l_|_l r_1 _1 1
K = NG 2 2 2T32 373 7 7 | Ux - (2.87)
al 1 11 1 1,1 1 1
-3 T3 273 2tz 3 T34z
_1 1 1 _ 1| usyx
0 0 2 2 2 2|,
1 1 11 3z
L0 0 2 2 T3 1

® Add the column matrix of unknowns and external loads to complete the global
system of equations:

1 L _1 _1 9 0
2 2 2 2 0 0 uix Rix
E] 51 _25 2 | 1 Uiz Riz
EAl—3 — 5 0 = 5 ||ux]|_| F 5 88
a 2 2 2 2 2
o o L 1 L 1| |usx Rsx
) 2 2
o o L i 1 1 |lLusz Rz
L 2 2 2 2

@ Introduce the boundary conditions to obtain the reduced system of equations.
There is no displacement possible at the lower left-hand and lower right-hand of the

structure (i.e., u;x = u;z = 0 atnode 1 and u3x = u3z = 0 at node 3). Thus, cancel
the first two and last two columns and rows from the linear system to obtain:

EA 10 Urx | _ F()
AR e
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Solve the reduced system of equations to obtain the unknown nodal deformations.

The solution can be obtained based on the matrix approach u = K~! f:

FARERE b R

Uz EA1-0[/01(] 0 EA |O

@ Post-computation: determination of reaction forces, stresses and strains.

Take into account the non-reduced system of equations as given in step ® under the
consideration of the known nodal displacements. The first equation of this system

reads:
EA 1 F
ﬁa(_iuzx):Rlx = R1X=—E. (2.91)
In a similar way, we obtain from the other equations:
EA 1 F
E(_Euzx) =Rz = Riz= —3 (2.92)
EA 1 F
E(—Euzx) =Ryx = Rix= —5 (2.93)
EA (1 F
E(Euzx) =Rz = Rz = 5 (2.94)

The elemental stresses can be obtained from the displacements of the start (‘s’) and
end (‘e’) node as:

E
o= (—cos(@)ugx + sin(@)usz + cos(a)uex — sin()uez) . (2.95)
ﬁa

In the case of element I (o = —45°), we should consider u1xy = uy;z = urz = 0to

obtain:
L costan fo (2.96)

o1 = —cos(apury = —. .
1 N Du2x N

Similarly, u1x = u;z = uyz = 0 for element II (ay = +45°):

Fy
o = ——=cos(amiry = —

—. 2.97
J3a JiA (2.97)
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Application of Hooke’s law, i.e., ¢ = Eeg, allows the calculation of the elemental
strains:

ot (2.98)
gE=—= , .
'TE V2EA
on Fo
en=—=— . (2.99)
"TE T V2EA
The normal forces can be obtained from the normal stresses in each element:
Fo
Ny = 01A = ﬁ (2.100)
Fy
NIIZUIIAZ_ﬁo (2101)
Check the global equilibrium between the external loads and the support reactions:
ZFiXZO & (Rix+Rix)+ F =0, v (2.102)
- S— ~—
! reaction force external loads
S Fz=0 & (Rz+Rp)+ 0 =0.V (2.103)
- —_——— ~—
! reaction force external load

2.5 Example: Approximation of a Solid Using a Truss Structure

Given is an isotropic and homogeneous solid as shown in Fig. 2.17a. This solid should
be modeled with the plane truss structure shown Fig.2.17b. The six truss members
have a uniform cross-sectional area A and Young’s modulus E. The length of each
member can be taken from the figure. The structure is supported at its left-hand side
and the bottom. A uniform displacement u is applied at the top nodes in the vertical
direction.

Determine:

the displacements of the nodes,

the reaction forces at the supports and nodes where displacements are prescribed,
the ‘macroscopic’ Poisson’s ratio of the truss structure, and

check the global force equilibrium.

2.5 Solution
The solution will follow the recommended 10 steps outlined on page 23.

@® and @ Sketch the free-body diagram of the problem, including a global coor-
dinate system. Subdivide the geometry into finite elements. Indicate the node and
element numbers, local coordinate systems, and equivalent nodal loads, see Fig.2.18.
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(a) (b) T U T U

a

Fig. 2.17 Approximation of a solid using a truss: a solid, and b truss structure

Fig. 2.18 Free-body Ryz T 4

diagram of the truss structure >

Ryx

r’
b
IS
ISh o

R x
—

Rz

@ Write separately all elemental stiffness matrices expressed in the global coordinate
system. Indicate the nodal unknowns on the right-hand sides and over the matrices.

Elements ITand IV do not require any rotation (o« = 0°) and thus, the simple elemental
stiffness matrix given in Eq. (2.4) can be used:
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Uix Uzx
EA 1 —1 Uiy
[ —
Kl_ L [—1 l]uzx’
Usx U3X
EA 1 -1 Ugx
e _— ___
KIV_ a [—1 1i|u3x'

47

(2.104)

(2.105)

Elements I and III are rotated by an angle of @ = +90° and Eq. (2.83) allows to
express the elemental stiffness matrices as:

EA
Ki= 2|0

a

EAl0
K?II:_

Element V is rotated by an angle of av = +45°:

Ugx

o
S
|

K = —
v «/Ea—

NI= = N— NI

Ugz

Urx

RI— RI= NI 5~

Element VI is rotated by an angle of o = —45°:

<

Rl—= M= = =
=<

Uiz

M= M= NI—= =

Uiz
0 |usx
—1 Uaz
0 Uiy ’
1 Uiz

(2.106)

Uzz
0 Uusy
—1 Uuszz
0 Urx ’
1 Urz

(2.107)

<
)
N

Ugx

iz (2.108)
Uzx

Uzz

Rl= G ol PI—

Uusx usz

I= =

N )

Uix

Uiz
. 2.109
sy ( )

usz
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@ Determine the dimensions of the global stiffness matrix and sketch the structure
of this matrix with the global unknowns on the right-hand side and over the matrix.

The finite element structure is composed of 4 nodes, each having two degree of
freedom (i.e., the horizontal and vertical displacements). Thus, the dimensions of
the global stiffness matrix are (4 x 2) x (4 x 2) = (8 x 8):

Urx U1z Uzx Uz U3x U3z U4sx U4z

Uix
Uiz
Uzx
Uuzz .
usx
usz
Usx
Usz

(2.110)

® Insert the values of the elemental stiffness matrices step-by-step into the global
stiffness matrix.

urx uiz uzx uzz usx uzz Uax Uaz
1+2—k 21% -1 0 —217 _ﬁ 0 0
ﬁ ]+2%ﬁ 0 0 7% 7% 0 -1 Uiy
-1 0 1+ﬁ —2'% 0 Z‘—ﬂ 2—55 le
£4 55 —5s O 0 1+5s 5 -1 0 I;3x
0 0 —21% 55 -1 0 1+ﬁ —55 | "z
|0 —1 ﬁ —ﬁ 0 0 —ﬁ 1+#_
2.111)

® Add the column matrix of unknowns and external loads to complete the global
system of equations.

The global system of equations can be expressed in matrix from as

Ku,=f,

where the column matrix of the external loads reads:

T
f= [RIX Ri7 0 Ry7z 0 R3z R4y R4z] .

2.112)

(2.113)
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@ Introduce the boundary conditions to obtain the reduced system of equations.

The consideration of the support conditions, i.e. u;x = ujz = uzz = ugx = 0,
results in the following 4 x 4 system:

Eap 0 T 0 wx | _ | O a1
a 0 ENG) 1+m 0 uszz R3z

The consideration of the displacement boundary condition u#3; = uq allows a further
reduction of the dimension of the system of equations. Multiplication of the third
column of the coefficient matrix by the given displacement u, bringing this column
to the right-hand side of the system, and finally deletion of the third row results in
the following equation:

14+ L 0 1 0
EA 2v2 . 2 uax EAuy |
m O 1 + 2[ Ugz 47 0

A further reduction can be achieved under the consideration of the displacement
boundary conditions u4z = ug. Multiplication of the third column of the coefficient
matrix by the given displacement u, bringing this column to the right-hand side of
the system, and finally deletion of the third row results in:

EA[1+ L 0 _EA
NG uax | _ _BAM0 { (2.116)
a 0 1+2f Usy a

Solve the reduced system of equations to obtain the unknown nodal deformations.

The solution can be obtained based on the matrix approach u = K~! f:

[m} _a 1 [1+2f 0 _ EAug 2‘?
usyx EA ( 0 1+ a —=
1+ -1 ) -0 2f 272

f

___ M H 2.117)
1+2v211

© Post-computation: determination of reaction forces, stresses and strains.
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Take into account the non-reduced system of equations as given in step ® under the
consideration of the known nodal displacements. The first equation of this system
reads:

EA Uusy uszz

a( 2X RN ) 1X 1X ( )

The second equation of this system reads:

EA 0 Uusyx usz R R 4+2\/§ EAM()
- i /] = = = — X .
a 2v2 22 )Y YETUEA T a
(2.119)
In a similar way,3 the other reactions are obtained as:
Ryz =Riz,R3z = R4z =—Riz,R4x =0. (2.120)
The ‘macroscopic’ Poisson’s ratio of the truss structure is:
£x _up/(142v2) 1
V=——=— A = ~ 0.261. (2.121)
€z - 14242

Check the global equilibrium between the external loads and the support reactions:

S Fx=0 & (Rx+R)+ 0 =0, (2.122)
X ———— —~—
! reaction force external loads

ZEZ:0©(R12+RZZ+R3Z+R4Z)+ 0 =0.v (2123

! reaction force external load

2.6 Example: Truss Structure with Six Members (Computational Problem)
Given is a plane truss structure as shown in Fig.2.19. The members have a uniform
cross-sectional area A and Young’s modulus E. The length of each member can be
taken from the figure. The structure is fixed at its left-hand side and loaded by

44242 _ 204V2)
4+2 1422

3The relation might be useful to show the identities.
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L

rs
X %>n '])—0- up

In
2 L11}]

L L

Fig. 2.19 Truss structure composed of six straight members

e two prescribed displacements uo and 2u at the very right-hand corner, and
e a vertical point load Fj.

Model the truss structure with six linear finite elements and determine

the displacements of the nodes,

the reaction forces at the supports and nodes where displacements are prescribed,
the strain, stress, and normal force in each element, and

check the global force equilibrium.

Simplify all your results for the following special cases:

(@ uo=0,

(b) Fy=0.

2.6 Solution
The solution will follow the recommended 10 steps outlined on page 23.

® and @ Sketch the free-body diagram of the problem, including a global coordinate
system. Subdivide the geometry into finite elements. Indicate the node and element
numbers, local coordinate systems, and equivalent nodal loads, see Fig.2.20.
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fr-f

1 . 2 ug
3 — 1 J — I 5
Fy
Raz 2y
Rsz
L L

Fig. 2.20 Free-body diagram of the truss structure composed of six axial members
@ Write separately all elemental stiffness matrices expressed in the global coordinate
system. Indicate the nodal unknowns on the right-hand sides and over the matrices.

Elements I, II and V do not require any rotation (o« = 0°) and the simple elemental
stiffness matrix given in Eq. (2.4) can be used:

Uiy Uzx
EA]l 1 —1|u
K?ZT 1 MZ (2.124)
Usx Usx
e EA[ 1 _1-M3X
KH:T_—I 1_M4x’ (2.125)
Uax Us)
EAJ 1 —1_u4X
e _
KV_T_—] l_usx' (2.126)

Element IV is rotated by an angle of e = +90° and Eq. (2.83) allows to express the
elemental stiffness matrix as:

Uzrx Uzz Ugx U4z
0 0 0 0 |ury

e _ T Uzz

Kv=—"710 o o 0 i (2.127)
0 -1 0 1 usz
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Elements III and VI are both rotated by an angle of oo = +45°:

uj
1
2
Ke — EA _%
= Ar _%
1
2
Uix
V2
4
EA|-¥
T L|_
4
No
4
us
1
2
Ke — EA _%
MRV I
1
2
Uszx
V2
4
EA| -2
T L|_
4
V2
4

>

= RI—= = =

+|

X

=

<
N

o

s‘ bl& bl& ~

<
)
N

N R—= = =

<
)
N

S

& bl& ">|§ IS

<
S~
o

[SIE STE SRR S

§ ";ls\ #lﬁ ~

+|

<

D= = = =
S

<
i
<

i

§H§H§“

+|

<
N
N

W= N B = NI—=

fo =
=<

W= N N = NI—=

<
o~
N

5 =[S

A5 o o

<
9
N

|
o g

=[5+

=[5

Uix
Uiz
Ugx
Ugz

Usrx
Uzz

Usx

Usz
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(2.128)

(2.129)

(2.130)

(2.131)

@ Determine the dimensions of the global stiffness matrix and sketch the structure
of this matrix with global unknowns on the right-hand side and over the matrix.

The finite element structure is composed of 5 nodes, each having two degrees of
freedom (i.e., the horizontal and vertical displacements). Thus, the dimensions of
the global stiffness matrix are (5 x 2) x (5 x 2) = (10 x 10):
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Uix Uiz Uzx Uzz U3x U3z Usx U4z Usx UsZz
Uix
Uiz
Urx
Uz
usx . (2.132)
usz
Usx
Uaz
Usx
Usz

® Insert the values of the elemental stiffness matrices step-by-step into the global
stiffness matrix:

ulx uiz uzx uzz uzx usz uqx U4z usx usz
Vi3 2 ]
1+2 -2 1 0 0 0 ¥ & o o
NN NG v
2 2 0 0 0 0 ¥ —Z 0 0 |,
“1 0 1+4¥ -2 0 0 0 0 - 2 luy
2 2 V2 V3 | u2x
N2 4 ¥2 —1 v2 o _ V2
0 0 —¥2 14¥ 0 o0 0 2 -
K o 0o 0o 0o 1 0 -l 0 0 0 |upy.
EATl 0 0 o0 0 0 0 0 0 0 0 |uxz
NN N ax
R 0 0 -1 0 11+ =2 10 |2
220 -1 0 0 —¥ 14¥ 0 0 |wusx
0o 0 -2 £ o o -l 0 142 2|7
Lo 0 ¢ ¢ 0 0 0 0 = F
(2.133)

® and @ Add the column matrix of unknowns and external loads to complete the
global system of equations. Introduce the boundary conditions to obtain the reduced
system of equations.
The global system of equations can be expressed in matrix from as

Ku,=f, (2.134)

where the column matrix of the external loads reads:

f=[Rix Riz00 Rsx Rsz 0 —Fy Rsy —Rsz]" . (2.135)
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The boundary conditions u1x = u;z = uzx = uszz = 0 allow to delete four rows

and columns from the system of equations:

r V22 V2 V2T
I+ =7 0 0 -5 7 .
V2 V2 V2 V2 || U2x
EA| 0 0 1+1+¥2 -2 1 o wix |_| 0
L1 o -1 —2 42 g 0 |tz —F
R
V2 V2 Vi o2 || X 5X
-7 7 -1 0 1+°F =7 lusz| | —Rsz
v2 _\2 0 0 _¥2 V2
L 2 1 ) 4
(2.136)
Let us first consider the displacement boundary condition usz = —2u,. Multiplica-

tion of the column corresponding to us; with the prescribed value —2u gives:

[1+¥2 32 0 0 T R
N R ) -1 2 Y2 o) ZiX 8
VA
EA| 0 0 2+ - 1 020 |lugy|_| o0
L o O 0(-2ug) || 142 || ~F0
usx 5X
-z 2 -1 0 1+%2 Y2 2ug) lusz| [ —Rsz
L 2 -2 0 0 S22 (Coug)
(2.137)

Let us bring the last column of the stiffness matrix to the right-hand side and cancel

the last row of the system of equations:

142 2 0 0 —2 s
_V2 V2 _ V2 | u2x 0 =57 ug
1+ 0 1 N
EA 4 4 4 uzz 0 EA| “5uo
= 0 0 2+ - -1 fux|=| 0 [-—| Yo
0 IR R ST SO s N sl 0
4 4 usy Rsx 4“0
—2 L -1 0 1+
(2.138)

Now, let us consider the second prescribed displacement boundary condition usy =
uo. Multiplication of the column corresponding to usx with the prescribed value ug
gives:
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142 2 0 0 — Y2y, 5

0 — M2y

Y2 4 ¥2 1 V200 |12 A

EA 4 4 4 uzz 0 EA| 740
T 0 0 2+ 4 —\A/F —lug ugx [=| 0 - 0
B A N uqz —Fy 0

0 1 i I+ 5 Oug usy Rsx 4'40

_2 2 -1 0+ ¥
(2.139)

Let us bring the last column of the stiffness matrix to the right-hand side and cancel
the last row of the system of equations:

1+§ _4 0 0 urx 0 —Fug —Fug
EAl -2 142 0 =1 fluaz || 0 | EALL || 2y,
L| o 0 242 -2 fux| | O L 0 Zuo
—F
0 -1 =¥ 42z 0 0 0
(2.140)
1+ - 0 0 Uzx 0 +342
EA| -2 142 0 —1 |uy _| o EAug | _32
L 0 0 2+‘/T§ —‘/Ti Usx 0 L 1
2 2 || u —F
0 -1 ¥ 142z 0 0
(2.141)

Solve the reduced system of equations to obtain the unknown nodal deformations.

The solution can be obtained based on the matrix approach u = K~! f:

FL
urx = 0.429 up — 0.408 EA’ (2.142)
FL
Uryz = —1.357 ugy — 1.562 ﬂ, (2143)
FL
usxy = 0.285u9 — 0.296 EA’ (2.144)
FL
Ugz = —0.928 uy — 1.970 ﬁ (2145)

© Post-computation: determination of reaction forces, stresses and strains.

Take into account the non-reduced system of equations as given in step ® under
the consideration of the known nodal displacements. The evaluation of the first,
second, fifth, sixth, ninth and tenth equation of this system gives the following results,
respectively:
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EAM()
Rix = —0.184 Fy — 0.858 (2.146)
EAM()
Riz =0.592 Fy + 0.429 (2.147)
EAM()
Rix = 0.296 Fy — 0.285 , (2.148)
Ry =0, (2.149)
EAM()
Rsxy = —0.112 Fy + 1.144 , (2.150)
EALL()
Rsz = —0.408 Fy + 0.429 (2.151)

The elemental stresses can be obtained from the displacements of the start (‘s’) and
end (‘e’) node as:

E
o= Z(_ cos(@)usy + sin(@)ugsz + cos()uex — sin()uez) . (2.152)

Application of this general equation (pay attention to the length of element III and
VI which is equal to +/2L) to the six elements under the consideration of the given
nodal displacements gives:

Fo Euo 5
o1 = ~0.408 - +0.429 =2, (2.153)
650, g.0gs E1 54
o = —0.29 X—’— . T, (21 )
0.837 20 4 0.607 £ 2.155
oy = V. 7X+ . 7T, (1 )
0.408 20 _ g.429 B0 2.156
oy = V. X — U. T, ( 1 )

0206 20 4 0715 £ 2.15

FO EM()

ovi = ~0.577 2 +0.607 = (2.158)

Application of Hooke’s law, i.e., 0 = Ee¢, allows the calculation of the elemental
strains:

= —0. 408 — + 0.429 — (2.159)

uo
L’

0.296 F 0.285 — o 2.160)
en = — A+ I (2.
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Fig. 2.21 Fixed rod = X
structure with distributed Do
load - > > —> N
E A
L
uo
=0837— 0.607 — 2.161
£ A + 7 ( )
v = 0. 408 —2 0429 LO (2.162)
0.296 F 0.715 22 2.163)
ey = EA + L’ (2.
Fy
= -0.577 — 0.607 —. 2.164
EVI A + L ( )

Check the global equilibrium between the external loads and the support reactions:

ZFiX=0 & (Rix+Rx+Rsx)+ 0 =0, v (2.165)
! reaction force external loads
D Fz=0 ¢ (Riz+Ryz—Rsp)+ —F =0.V (2.166)
- <
¢ reaction force external load

2.4 Supplementary Problems

2.7 Fixed Rod Structure with Distributed Load
Given is a rod structure as shown in Fig.2.21. The structure has a uniform cross-
sectional area A and Young’s modulus E. The structure is fixed at both ends and
loaded by a distributed load py in the range % <X< %

Model the rod structure with three linear finite elements of equal length and
determine:

the displacements at the nodes,

the reaction forces at the supports,

the strain, stress, and normal force in each element and
check the global force equilibrium.
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Fig. 2.22 Rod loaded under N\
its dead weight

S

E7 ‘47 g
Fig. 2.23 Rod loaded under Po
a distributed axial load
p(X)
e > —> —>
EA
+—» X
0 2L

2.8 Rod Structure Under Dead Weight

Given is a rod structure which is deforming under the influence of its dead weight,
see Fig.2.22. The rod is of the original length L, cross-sectional area A, Youngs
modulus E, and mass density o. The standard gravity is given by g. Apply two linear
rod elements of length % to calculate the elongation of the rod due to its dead weight.

2.9 Rod Structure with Distributed Load
Given is a rod which is axially deforming under the influence of a distributed load

p(X) = % (%)2, see Fig.2.23. The rod has the length L, cross-sectional area A, and
Young’s modulus E.
Apply two linear rod elements of length L to calculate the equivalent nodal loads

for each element based on:

e analytical integration over the local x-coordinate,

e analytical integration over the natural coordinate —1 < ¢ < +1,

e a one-point numerical integration rule and

e a two-point numerical integration rule.

2.10 Truss Structure with Three Members

Given is a plane truss structure as shown in Fig.2.24. The members have a uniform
cross-sectional area A and Young’s modulus E. The length of each member can be
taken from the figure. The structure is fixed at its left-hand sides and loaded by two
points loads F} and F,.
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Fig. 2.24 Truss structure
composed of three straight
members

Fy

Model the truss structure with three linear finite elements and determine:

the displacements of the nodes,

the reaction forces at the supports,

the strain, stress, and normal force in each element and
check the global force equilibrium.

2.11 Truss Structure in Star Formation

The following Fig.2.25 shows a two-dimensional truss structure. The three rod ele-
ments have the same Young’s modulus E and length L. However, the cross-sectional
areas A; (i = L II, III) are different from the vertical rod (Ay) to those of the 45°
inclined rods (Aqp = Ajp). The structure is loaded by a point load Fj at node 2.

Develop a simplified (i.e., reduced number of rod elements) finite element truss
structure under the consideration of the symmetry of the problem. Determine (do not
consider three rod elements for the following questions):

the equivalent statical system under the consideration of symmetry,

the free-body diagram,

the global stiffness matrix,

the reduced system of equations under the consideration of the boundary condi-
tions,

e the nodal displacement at node 2, and
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Fig. 2.25 Three-element Z
truss structure with force
boundary condition 1 A
Z
I

L.E, A

Fig. 2.26 Approximation of T Uo Uo

e
a solid due to a truss D
structure

e simplify the nodal displacement at node 2 for the special case Ay = Ay =
Am = A.

2.12 Approximation of a Solid—Based on a Truss Structure (Second Approach)
Given is an isotropic and homogeneous solid. This solid should be modeled with
the plane truss structure shown in Fig.2.26. The six truss members have a uniform
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Young’s modulus E. However, the cross-sectional areas are different, i.e., the diag-

onal members have only half of the area. The length of each member can be taken

from the figure. The structure is supported at its left-hand side and the bottom. A

uniform displacement u is applied at the top nodes in the vertical direction.
Determine:

e the displacements of the nodes, and
e the ‘macroscopic’ Poisson’s ratio of the truss structure.
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